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Let A and B be Gorenstein Artin algebras of Cohen-Macaulay finite type. We prove that, if 
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1 Introduction 

Triangulated categories and derived categories were introduced by Grothcndieck and Verdier 
[27]. Today, they have widely been used in many branches: algebraic geometry, stable homo- 
topy theory, representation theory, etc. In the representation theory of algebras, we will restrict 
our attention to the equivalences of derived categories, that is, derived equivalences. Derived 
equivalences have been shown to preserve many invariants and provide new connection. For 
instance, Hochschild homology and cohomology [26], finiteness of hnitistic dimension [23] have 
been shown to be invariant under derived equivalences. Moreover, derived equivalences are re- 
lated to cluster categories and cluster tilting objects [5]. As is known, Rickard's Morita theory 
for derived categories leaves something to be desired, though, as for some pairs of rings, or alge- 
bras, it is currently difficult, sometimes even impossible to verify whether there exists a tilting 
complex. It is of interest to construct a new derived equivalence from given one by finding a 
suitable tilting complex. Rickard [25, 26] used tensor products and trivial extensions to get 
new derived equivalences. In the recent years, Hu and Xi have provided various techniques to 
construct new derived equivalences. In [15] they established an amazing connection between de- 
rived equivalences and Auslander-Reiten sequences via BB-tilting modules, and obtained derived 
equivalences from Auslander-Reiten triangles. In [17] they constructed new derived equivalences 
between Auslander- Yoneda algebras from a given almost ^-stable equivalence. 

In [17, Corollary 3.13] Hu and Xi proved that, if two representation finite self-injective Artin 
algebras are derived equivalent, then their Auslander algebras are derived equivalent. In this 
paper, we generalize their result and prove that, if two Cohen-Macaulay finite Gorenstein Artin 
algebras are derived equivalent, then their Cohen-Macaulay Auslander algebras are also derived 
equivalent. 

This paper is organized as follows. In Section 2, we review some facts on derived categories 
and derived equivalences. In Section 3, we state and prove our main result. 

2 Preliminaries 

In this section, we shall recall some definitions and notations on derived categories and derived 
equivalences. 

Let stf be an abelian category. For two morphisms a : X —> Y and (3 : Y — > Z, their 
composition is denoted by a/3. An object X € g/ is called a additive generator for si if add (X) = 

where add (X) is the additive subcategory of srf consisting of all direct summands of finite 
direct sums of the copies of A. A complex X* = (X 1 , d x ) over si is a sequence of objects X 1 and 

morphisms d x in s/ of the form: • • • -» X 1 ^> X l+1 X i+1 -)••■•, such that d i d i+1 = for all 
i6Z. If X' = (X\d x ) and Y* = (Y\d Y ) arc two complexes, then a morphism /* : X' — > Y* 
is a sequence of morphisms f l : X 1 — > Y l of srf such that d x f l+1 — f l dy for all i £ Z. The map 
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/" is called a chain map between X* and Y* . The category of complexes over s# with chain 
maps is denoted by C{srf). The homotopy category of complexes over stf is denoted by K(&f) 
and the derived category of complexes is denoted by D (srf) . 

Let R be a commutative Artin ring. And let A be an Artin i?-algebra. We denote by A-mod 
the category of finitely generated left A-modules. The full subcategory of A-mod consisting of 
projective modules is denoted by aP. Recall that a homomorphism / : X — > Y of A-modulcs 
is called a radical map provided that for any A-module Z and homomorphisms g : Y — > Z and 
h : Z — > X, the composition hfg is not an isomorphism. A complex of A-modules is called 
a radical complex if its differential maps are radical maps. Let K h (A) denote the homotopy 
category of bounded complexes of A- modules. We denote by D b (A) by the bounded derived 
category of A-mod. 

The fundamental theory on derived equivalences has been established. Rickard [24] gave a 
Morita theory for derived categories in the following theorem. 

Theorem 2.1 [24, Therem6.4] Let A and B be rings. The following conditions are equivalent. 

(1) D b (A-Mod) and D h (B -Mod) are equivalent as triangulated categories, 
(ii) K~(A-Proj) and K~(i?-Proj) are equivalent as triangulated categories. 
(Hi) K b (A-Proj) and K b (_B-Proj) are equivalent as triangulated categories. 

(iv) K b ( J 4'P) and K b (Bp) are equivalent as triangulated categories. 

(v) B is isomorphic to Endrjb( J 4)(T*) for some complex T* in K b (j\V) satisfying 

(1) Hom D b (i) (r,r[ri]) = for all n^O. 

(2) add(T*), the category of direct summands of finite direct sums of copies of T* , 
generates K b ( J 4'P) as a triangulated category. 

Here A-Proj is the subcategory of A-Mod consisting of all projective A-modules. 

Remarks. (1) The rings A and B are said to be derived equivalent if A and B satisfy the 
conditions of the above theorem. The complex T* in Theorem 2.1 is called a tilting complex for 
A. 

(2) By [24, Corollary 8.3], two Artin i?-algebras A and B are said to be derived equivalent 
if their derived categories D b (A) and D h (B) are equivalent as triangulated categories. By The- 
orem 2.1, Artin algebras A and B are derived equivalent if and only if B is isomorphic to the 
cndomorphism algebra of a tilting complex T*. If T* is a tilting complex for A, then there is 
an equivalence F : D h (A) — > D h (B) that sends T* to B. On the other hand, for each derived 
equivalence F : D h (A) — > D h (B), there is an associated tilting complex T* for A such that F(T*) 
is isomorphic to B in D b (_B). 

3 Derived equivalences for Cohen-Macaulay Auslander Al- 
gebras 

In this section, we shall prove the main result of this paper. First, let us recall the definition of 
Cohen-Macaulay Auslander algebras. 

3.1 Cohen-Macaulay Auslander algebras 

Let A be an Artin algebra. Recall that A is of finite representation type provided that there 
are only finitely many indecomposable finitely generated A-modules up to isomorphism. If an 
A-module X satisfies Fixt\(X,A) = for i > 0, then X is said to be a Cohen-Macaulay A- 
module. Denote by a% the category of Cohen-Macaulay A-modulcs. It is easy to see that if A 
is a self-injectivc algebra, then a% — A-mod. By a Hom^(— , A)-exact sequence Y* = (Y z ,d l ), 
we mean that the sequence Y* itself is exact, and that Kom a{Y',X) remains to be exact. An 
A-modulc X is said to be Gorenstein projective if there is a Horn a(— , Q)-exact sequence 

P^ 1 ^ P° ^> P 1 ^> • • • 
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such that X ~ ImdP, where P l (for each i) and Q are projective A-modules. Denote by A-Gproj 
the subcategory of ^4-mod consisting of Gorenstein projective A-modules. Note that Gorenstein 
projective modules are Cohen-Macaulay A-modules. Following [.3, Example 8.4(2)] an Artin 
algebra A is said to be of Cohen-Macaulay finite type provided that there are only finitely many 
indecomposable finitely generated Gorenstein projective ^-modules up to isomorphism. It is easy 
to see that algebras of finite representation type are of Cohen-Macaulay finite type. Suppose that 
A is of Cohen-Macaulay finite type. In other words, A-Gproj has an additive generator M, that 
is, add(M) = ,4-Gproj. 

Definition 3.1 [6] Suppose that an Artin algebra A is of Cohen-Macaulay finite type. Let M be 
an additive generator in A-Gproj. We call A = End (M) a Cohen-Macaulay Auslander algebra 
of A. 

Remark. For a Cohen-Macaulay finite algebra A, its Cohen-Macaulay Auslander algebra is 
unique up to Morita equivalences. 

Example. Let A = k[x]/(x 2 ) and consider the Artin algebra 

Then T2(A) is a I-Gorenstein Artin algebra of Cohen-Macaulay type [7] or [10]. T^A) has 
indecomposable Gorenstein projective modules [4, p. 101]: 

= ( o )•*- ( o )•"■= ( a )•"<= ( t )•">- ( i )• 

Set M ~ ©i<;<5-/lii. Then Cohen-Macaulay Auslander algebra End^^^M) of ?2(A) is given 
by the following quiver and relations xy — = vol — yu = az = a/3j [8]. 
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3.2 The proof of the main result 

We shall give the proof of the main result of this paper. 

Suppose A and B are Artin algebras. Let F : D b (A) — > D h (B) be a derived equivalence and 
let P* be the tilting complex associated to F. Without loss of generality, we assume that P* is 
a radical complex of the following form 

o -> p~ n -> p- n+1 -> — > p- 1 -> P° -> 0. 

Then we have the following fact. 

Lemma 3.2 [ ,lcmma.2.1] Let F : D h (A) — > D h (B) be a derived equivalence between Artin 
algebras A and B. Then we have a tilting complex P' for B associated to the quasi-inverse of F 
of the form 

-> P° -> P 1 ->• > P" _1 -> P" -> 0, 

m'tt i/ie differential being radical maps. 

Suppose that X* is a complex of A-modules. We define the following truncations: 

r>i(X m ) : > ^ ^ X 1 ^ X 2 ^ ■ ■ ■ , 

T< (X m ) : > X- 1 -> X° -> • • • . 

Using the properties of Cohen-Macaulay ^4-modules, we can prove the following lemma. 
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Lemma 3.3 Let F : T) h (A) — > D h (B) be a derived equivalence between Artin algebras A and B , 
and let G be the quasi-inverse of F. Suppose that P* and P* are the tilting complexes associated 
to F and G, respectively. Then 

(i) For X Ga X , the complex F(X) is isomorphic in D b (B) to a radical complex P£ of the 
form 

P x P x -> > PjT 1 -> P 'x -> o 

with Px €g X and P l x projective B -modules for 1 < i < n. 

(ii) For Y Eg X, the complex G(Y) is isomorphic in D h (A) to a radical complex P Y of the 
form 

-> Py U -> Py^ -> >Py 1 ^Py^O 

with Py n £a X and P Y projective A-modules for —n + 1 < i < 0. 

Proof. We just show the first case. The proof of (ii) is similar to that of (i). 
(i) For X Ea X, by [16, Lemma 3.1], we see that the complex F(X) is isomorphic in D b (P) 
to a complex PJJ- of the form 

o ->• P x -> Px -> — ► ^T 1 -> -> o, 

with PI- projective P-modulcs for z > 0. Wc only need to show that P x is in bX- It suffices to 
prove that Endg(Py, P) = for i > 1. Indeed, there exists a distinguished triangle 

in K b (B), where P^ denotes the complex t>i(P^-). For each i £ Z, applying the functor 
Hom D b(B)( — , P[i]) to the above distinguished triangle, we get an exact sequence 



Horn Db(B) (P+ [1], B [i]) -y Horn Db(B) (P£, P[i]) -> Horn Db(B) (Pj,B[i]) 

>(B)( 



Hom D b (B) (P+,P[i] 



On the other hand, Hom D b( B )(Pj, P[£]) — Hom K b( B )(Pj, P[£]) = for i > 0. By [23, lemma 
2.1] and End l A {X,A) = for i > 1, wc get Ho_m D b (B) (PJ,P[«]) ~ Hom Db(A) (X, P*[i]) = 
for all i > 1. Consequently, we get Hom D b( S )(Py, P[i]) = for all * > 1 by the above exact 
sequence. Therefore, 

End B (P X ,B)~ Horn Db(B) (P° , P[z]) = 0, for i > 1. 

This implies that P£ S B □ 

Now we give a lemma, which is useful in the following argument. 

Lemma 3.4 Let A be an Artin algebra and f : X — > Y a homomorphism of A-modules with 
X,Y Ga X. Suppose Q* is a complex in K h (AV). If f factors through Q* in D h (A), then f 
factors through a projective A-module. 

Proof. There is a distinguished triangle 

r<o(<3*)^T>i(Q*) 4Q' Ar< (Q*)[l] in B b (A). 

Suppose that / = gh, where g : X — »• Q* and h : Q* — > Y. Since Homob^ (t>i(Q*), Y) ~ 
Hom K b(A)( T >i(Q m )iY) = 0, it follows that ah = 0. Then there is a map x : t<o(<2*)[1] — > Y, 
such that h = bx. Thus, we get / = gbx. Now, it is sufficient to show that / factors through 
t<o(Q'). Consider the following distinguished triangle 

Q° Ar<o(Q') 4r<_i(Q')-»Q°[l] in B h (A). 
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Note that Ext^(X, A) = for i > 1. By [23, Lemma 2.1], we have Kom Bb{A) (X,T<_i(Q')) = 0. 
Thus, we get gbd = 0. Then there is a morphism u : X — > Q° such that g6 = uc. Consequently, 
/ = ucx, which implies that / factors through a projective A-module Q . □ 

Choose an ^-module X €a X, by Lemma 3.3, we know that F(X) is isomorphic to a radical 
complex of the form 

o ->• P x P x -> — > PT 1 ->• Px -> o 

such that Py Eb X and P x are projective P-modules for 1 < i < n. In the following, we try to 
define a functor F_ : aX — > bX. 

Proposition 3.5 Let F : D h (A) — > D b (B) be a derived equivalence. Then there is an additive 
functor F_ : aX — > B X sending X to P x , such that the following diagram 



i^^D b (4)/K b UP) 



D b (P)/K b ( B P) 



is commutative up to natural isomorphism. 

Proof. The idea of the proof is similar to that of [15, Proposition 3.4]. For convenience, we 
give the details here. 

For each / : X — » Y in aX, we denote by / the image of / in aX. By Lemma 3.3, we have a 
distinguished triangle 

P+^F(X) 3 AP X "^ P+[l] in D b (P). 
Moreover, for each / : X — > Y in aX, there is a commutative diagram 



P+ 
r x 



F(X) 



JX 



p° 



F(f) 



F(Y) 



jy 



Q /[i] 



pO 



pm 



Since Hom D b (B) (Pj, P£) ~ Horn K b (B) (Pj, P£) = 0, it follows that i x F(f)j Y = 0. Then there 
exists a homomorphism aj : P x — > Py ■ Note that P-mod is fully embedding into D b (P), hence 
fa is a morphism of P-modules. If there is another morphism fa such that jxP'f = F(f)jy, then 
jx{(3f — fa) = 0. Thus fa— fa factors through Py[l], which implies that fa — fa factors through 
a projective P-module by Lemma 3.4. Therefore, the morphism fa is uniquely determined by /. 

Let / : X — > Y and g : Y — Y Z be morphisms in aX. Then we have F(fg)jz = jxfag and 
F{fg)jz = jxfafa- By the uniqueness of fa g , we have fa g = fa fa. Moreover, if / factors 
through a projective .A- module, then fa also factors through a projective P-module. 

For each X € A X, we define F{X) := P x . Set F(f) = fa, for each / g Hom^_(X, Y). Then 
F is well-defined and an additive functor. 

To complete the proof of the lemma, it remains to show that jx ■ F(X) — > F_(X) is a 
natural isomorphism in D b (P)/K b ( B P). Since P+ is in K b ( B P), then j x : F(X) 4 F(X) in 
D b (P)/K b ( B P). The following commutative diagram 



F(X) 



Jx 



F(X) = P° 



F(f) 



F(Y) 



■F{Y) = P* 



shows that j x ■ F(X) ->■ F(X) is a natural isomorphism in D b (P)/K b ( B P). □ 
The following lemma is quoted from [15] which will be used frequently. 
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Lemma 3.6 [1 5, Lemma 2.2] Let R be an arbitrary ring, and let R-Mod be the category of all 
left A-modules. Suppose X m is a bounded above complex and Y* is a bounded below complex over 
R-Mod. Let m be an integer. If X 1 is projective for all i > m and Y J = for all j < m, then 
Hom K (fi.Mod)(^',y) - Hom D ( R . Mod) (X*,y). 

Let A be an Artin algebra and let X be in which is not a projective A-module. Set 
A = End A {A © X), N = B © F(X) and T = End B (N). Let f be the complex P* © P'. Then 
T* is in K b (add B iV). 

The proof of the following lemma is different from [17, Lemma 3.6], and in fact extends Hu 
and Xi's original methods for the self-injective case. 

Lemma 3.7 Keep the notations above. We have the following statements. 

(1) Horn Kb(add bN) (f',f\i}) = for i ^ 0. 

(2) addT* generates K b (add B iV) as a triangulated category. 

Proof. (1) Decompose the complex T* as P'ffiPj. Then we have the following isomorphisms 

Horn Kb (B) (T ' , T* [i] ) ~ Horn K b (B) (P* © P' x , (P* © P x ) [*]) * Horn Kb (B) (P* , P' [i] ) © 
Horn Kb {B) (P* , P* [i] ) © Horn K . (B) (P* , P* [i] ) © Horn K . (B) (P* , P* [i] ) . 

The proof falls naturally into three parts. 

(a) Since P* is a tilting complex over B, we have Hom K b( B )(P*, P*[i]) = for all i ^ 0. 
Furthermore, 

Hom Kb(B) (P',P Y [ i ]) ~ Hom Db(B) (P',Pj[i]) ~ Rom Dh(A) (A,X[{\) = for all i ^ 0. 

(b) We claim that Hom K b (B) (PJ, P'[i]) = for i ^ 0. 

Indeed, applying the functors Hom K ( B )(— , P*[i]) and Hom D b( B )(— ,P*[i]) to the distin- 
guished triangle P+ -> P x -> P£ -> P+[l] in K b (P), we obtain the following commutative 
diagram 

Hom Kb(B) (P+[l],P*[i]) ^ Horn K b( B ) (Pi, P'M) ^Hom^C-P^P"!*]) • ■ ■ 

Horn Db(B) (P+ [1] , P* [«] ) Horn Db (A) (P° , P* [»] ) Horn Db (A) (P' x , P* [i] ) 

Note that 

Hom K b (B) (P°,P')~Hom D b (B) (Pl,P*). 

Indeed, since P* is a bounded complex and Lemma 3.6, it suffices to show that for the complex 
P* of length 2 of the form -> P° -> P 1 ->■ 0, we get 

Hom K b (B) (P°,P')~Hom D b (B) (Pl,P*). 

In this case, we have a distinguished triangle 

P^-l^P'^P^P 1 in K b (P). 

Applying the functors Hom Kb ( B )(Py, — ) and Hom Db ( B )(Py, — ) to the distinguished triangle 
P 1 [— 1] — >• P* — > P° — > P 1 , we obtain the following commutative diagram 

HomKb^OP^PM-l]) -Hom Kb(B) (P°,P') Hom K b (B) (P°, P°) Hom K b (B) (P° , P 1 ) 

HomDb^CPl,^ 1 !-!]) -Hom Db(B) (P"o,P') ^ Hom Db(B) (P° , P°) ^ Hom D b (B) (P° , P 1 ). 
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Since Hom D b ( - B - ) (Py,P 1 [— 1]) = and Hom K b( B )(P^, = 0, we conclude that that, for 

i ^ 0, we have 

Hom Kb(fl) (^,P , [i])~Hom Db(B) (^ 1 P , [i])~Hom Db(j4) (I,i[ ! ])=0. 
(c) We claim that Rom K * ( B) (P x , P x \i}) = for i ^ 0. 

Indeed, it follows that Hom K hr B \(P x , P x [i]) = for i < by Lemma 3.6. It suffices to show 
that Hom K b( B )(P^, P x [i]) = for i > 0. Note that there is a distinguished triangle 

(*) P£ ->• P x -> P x -> in K b (_B), where P_£ denotes the complex t>i(PJ). 

Applying the functor Hom K b( B )(Pj^, — ) to (*), we get a long exact sequence 

► Hom K b (B) (P^,P+[i]) -> Horn 

From the distinguished triangle PJ -> PJ ->• P Y -> Pjf[l], w e conclude that iP(G(Pj)) = 
for i > 1 and G(Pj) is a radical complex Q x of the form 

> Qx 1 -> Ox -> -> o. 

Applying the functors Hom K b( B )(- , Py[i]) and Hom K b( B )(- , Py[i]) to (*) again, we have the 
following commutative diagram 

Hom Kb(B) (P+[l],P+[i]) -Hom K b (B) (P°,P+W) ^Hom Kb(B) (P£,P+[i]) • • 



Hom D b (B) (P+[l],P+[i]) ^Hom Db(B) (P°,P+[i]) ^Hom Db(B) (P>,P+[i]) . 

Therefore, 

Hom Kb(B) (Pi,Pl[i])~Hom D ^ 

~Hom Db(A) (X,G(P+)[i]). 

By [23, lemma 2.1], it follows that Komj)b^(X,G(P x )[i]) = for all i > 1. Consequently, 
Hom K b( B )(P£,P^[i]) = for i > 1. Since Hom K b (B )(P£,P£[i]) = for i > by shifting, it 
follows that Hom K b( B )(PJ^,P£-[i]) = for i > 1 by the long exact sequence (**). It remains to 
prove that Hom K b( B )(PJJ-, Pjf[l]) = 0. To get Hom K b( B )(_P^, PJc[l]) = 0, it suffices to show that 
the map 

(*) Hom K b( B )(Pl, Pi) -> Horn Kb{B) (P x ,P+[l]) is surjective. 
From the above argument, we have the following commutative diagram 

Q' x - *~ X M(a) »- Q x [l] 



G(Px~) G(P X ) G(P° ) G(P+)[1] 

in D b (A), where all the vertical maps are isomorphisms, and the morphism a is chosen in K b (A) 
such that the first square is commutative. Applying the functor HoTa K h^(X, — ) to the first 
horizontal distinguished triangle, we get an exact sequence 

Horn Kb(A) (X, M(a)) -> Hom K b(A)(I, QxW) ~* 0> smcc Hom K b( A )(AT, X[l}) = 0. 
We have the following formulas. 

Hom Kb(B) (P£,P!) ~ Hom D b (B) (P^,P°) ~ Horn Db{A) (G(P x ), G(P°)) 

~ Hom Db(A) (X,M(a)) 
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and 

Hom Kb(B) (P^,P+[l]) ( ~ 5 Hom Db(fl) (Pi,P+[l]) ~ Horn Db (A) (G(P X ), G(P+)[1]) 

~ Hom Db(A) (A, QxW)- 

The isomorphisms (*) and (**) arc deduced by Lemma 3.6. Then we have the following commu- 
tative diagram 

Horn K b (B) (P'x , Px) Horn Kb(B) (P X ,P+) 



Horn Db (A) (A, M(a) ) ^ Horn Db (A) (A, Q+ [1] ) . 

From the above diagram, to show the map (^) is surjective, it is sufficient to show the map 

Hom Db ( A )(A, M(a)) — ► Horn T> b (A)(X, Q x [i-]) * s surjective. 

Applying the functor Horn (X, — ) and Horn (X, — ) to the distinguished triangle Q' — > X 
M(a) —> Q*[l], we get the following commutative diagram 

Horn Kb(A) (A, M(a)) ^Hom Kb(A) (A, Q' x [l}) ^0 



Horn Db (A) (X, M(a)) ^ Horn Db (A) (X, Q x [1] ) ^ Horn Db (A) (X, X [1]) . 

Thus, to get the map 

Horn Db ( A ) (X, M(a)) —> Horn D t,( A )(A, Q x [l}) is surjective, 
it suffices to show the following isomorphisms 

(i) Hom Db(A) (A,Q^[l]) ~ Hom Kb(A) (A,Q^[l]) 

and 

(ii) Horn D b( A )(X, M(a)) ~ Hom K b(^)(l, Af (a)). 

Firstly, we show that 

(i) Hom D b (A) (A,Q^[I]) ~ Hom K b (/1) (I,Qx[l]). 

Indeed, it suffices to show that for the complex Q x of the form — > Q x x — > Q x — > 0, we get (i). 
There is a distinguished triangle 

(*) Q-^Q x ^Q x ^Q-l[l] in K h (A). 

Applying the functors Hom K b(^)(X, — ), Horn D b (A) (A, — ) to (Jit), we obtain the following com- 
mutative diagram 

Hom K b ( A)(A, Qx 1 ) ^Hom K b ( A)(A, Q° x ) ^ Hom K b (A) (A, Q x ) Hom Kb(A) (A, P _1 [l] 



Hom Db ( A ) (A, Qx 1 ) -Horn D b( A )(A, Q° x ) ^ Hom Db ( A )(A, Q* x ) Hom D t,( A )(A, P 



Since End A (A, A) = for i > 1, it follows that Hom Db(A) (A,p- 1 [l]) = 0. Moreover, 
Hom Kb(A) (A,p- 1 [I]) =0. We thus get Horn Db(A) (A, Q' x [l}) ~ Horn Kb(A) (A, Q x [l}) 
prove that 

(it) Horn Db(A) (A, M(a)) ~ Horn Kb(A) (A, M(a)). 
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Indeed, there exists a distinguished triangle 

(4») M(a)° -> M(a) -> Af(o) - -> M(a)°[l] in K b (A), 

where M(a)~ denotes the truncated complex r<_i(M(a)). Applying the homological functors 
HoniKb(A)(-^; — ) an d HomrjbM)(X, — ) to (4k), we obtain the following commutative diagram 

Kb(A) {X,M{a)-[-l]) > KHA) (X,M(a)°) > Kb(A) (X,M(a)) ^ KHA) (X, M(a)-) 

w 

BHA) (X,M(a)-[-l}) *- D b (A) (A,M(a)°) D b (A) (X, M(a)) ^ Db(A) (X, M(a)"). 

According to (£), we have Horn K b ( A ) (X, M(a) _ ) ~ Hom D b( A -)(A, M(a)~) = 0. Therefore, 
Horn Db(A) (A, M (a)) ~ Horn K „ (A) (A, M(a)). 

From the above argument, we have shown that Horn K b (B) {Pxi ^xM) = f° r * 7^ 0. Since 
K b (B) is a full subcategory of K b (addsiV), it follows that Hom K b( addBW )(P^-, P^-[i]) = for 
i ^ 0. 

(2) Since P' is a tilting complex for B, we see that addP* generates K b (add bB) as trian- 
gulated category. All the terms of P£ are in add bB. From the distinguished triangle 

it follows that is in the triangulated subcategory generated by add (P* © Px)- Therefore, 
addT" generates K b (add bJV) as a triangulated category. □ 

Proposition 3.8 The complex Horn (A, T*) is a tiling complex over T with the endomorphism 
End (Horn (A, T')) ~ A. In particular, Artin algebras A and T are derived equivalent associated 
with the tilting complex Horn (A, T'). 

Proof. We have an equivalence of categories 

Horn B (N, - ) : add B N V. 

We thus get an equivalence of triangulated categories induced by Horns (A, — ) as follows 

K b (add B A) ^K b ( r V). 

Then Horn (A, f) G K h ( r V). By the Lemma 3.7, we see that add Horn (A, ?") generates K b ( r V) 
as a triangulated category, and End (Horn (A, f*)) ~ End (T*) ~ A. □ 

We have the following lemma, its proof is due to Happel [10, Lemma 4.4]. 

Lemma 3.9 Suppose that inj.dim A A < oo. Then the following statements are equivalent. 

(i) proj.dim A (D (A A )) < oo. 

(ii) For X G A X , there exists an exact sequence — > A — > P — > X — > 0, with X £ A X and 
P a projective A-module. 

(in) If X e A X satisfies inj.dim A A < oo, then X is a projective A-module. 

Recall that an Artin algebra A is called Gorenstein if the regular module A has finite injective 
dimension on both sides. If A is a Gorenstein algebra, then it follows from Lemma 7.2.8 that 
A X = A-Gproj, and that A X is a Frobenius category and its category A X is a triangulated 
category. 

Proposition 3.10 Let A and B be Gorenstein Artin algebras. Suppose that F is a derived 
equivalence between A and B. Then we have the following statements. 

(1) There is an equivalence F_ : A X — > bX . 

(2) If A and B are finite dimensional algebras over a field k, then there exist bimodules a Mb 
and bL a such that the pair of functors 

a Mb <8> — : A-mod —> B-mod, bL a ® — : B-mod —> A-mod 

induces an equivalence of triangulated categories A X and bX. 
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Proof. We refer to [10, Theorem 4.6] and [18, Theorem 5.4] for the proofs of (1) and (2), 
respectively. □ 

Our main result in this chapter is the following theorem. 

Theorem 3.11 Let A and B be Gorenstein Artin algebras of Cohen- Macaulay finite type. If A 
and B are derived equivalent, then the Cohen- Macaulay Auslander algebras A and T of A and B 
are also derived equivalent. 

Proof. In fact, if Artin algebras A and B are derived equivalent, then A is Gorenstein if and 
only if B is Gorenstein. By Proposition 3.10 or [3, Theorem 8.11], if Gorenstein Artin algebras 
A and B are derived equivalent, then A is of Cohen-Macaulay finite type if and only if B is. Let 
F : B h (A) — > D b (B) be a derived equivalence. Set A = End (A © X) with X = ® < t < m X l , 
where each Xi is indecomposable non-projective Gorenstein projective A-module. Then A is the 
Cohen-Macaulay Auslander algebra of A. By Proposition 3.10, it follows that Y, = F{Xi) is 
the indecomposable non-projective Gorenstein projective B- module. Set Y = ®o<i< m Yi. Then 
T = End (B®Y) is the Cohen-Macaulay Auslander algebra of B. Let N be the B-module (B®Y) 
and let T* be the complex F(A © X). Thus, we construct a tilting complex Horn (N, T'). The 
result follows from Proposition 3.8. □ 

Remark. Let A and B be Gorenstein Artin algebras of Cohen-Macaulay finite type. According 
to a result of Liu and Xi [20, Theorem 1.1], we see that, if A and B are stably equivalent of 
Morita type, then the Cohen-Macaulay Auslander algebras of A and B are also stably equivalent 
of Morita type. 

As a corollary of Theorem 3.11, we re-obtain the following result of Hu and Xi [17] since 
sclf-injective Artin algebras of finite representation type are Gorenstein Artin algebras of Cohen- 
Macaulay finite type. 

Corollary 3.12 [1 7, Corollary 3.13] Suppose that A and B are self-infective Artin algebras of 
finite representation type. If A and B are derived equivalent, then the Auslander algebras of A 
and B are also derived equivalent. 
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